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We study the critical Josephson current flowing through a double quantum dot weakly coupled to
two superconducting leads. We use analytical as well as numerical methods to investigate this setup
in the limit of small and large bandwidth leads in all possible charging states, where we account for
on-site interactions exactly. Our results provide clear signatures of nonlocal spin-entangled pairs,
which support interpretations of recent experiments [Deacon, R. S. et al., Nat. Commun. 6, 7446
(2015)]. In addition, we find that the ground state with one electron on each quantum dot can
undergo a tunable singlet–triplet phase transition in the regime where the superconducting gap in
the leads is not too large, which gives rise to an additional new signature of nonlocal Cooper pair
transport.
PACS numbers: 74.50.+r,74.45.+c,03.65.Ud
I. INTRODUCTION
Creating mobile spin-entangled electron pairs in solid
state transport setups has been the subject of inten-
sive research in recent years.1–11 The proposed setup
of Ref. 1 consists of an s-wave superconductor coupled
to two quantum dots (QDs) in the Coulomb-blockade
regime, which are further coupled to outgoing Fermi liq-
uid leads,12–16 where a dominant transport channel com-
prising pairwise and nonlocal transport has been iden-
tified. The degree of spin-entanglement of the nonlocal
pairs, however, has so far not been measured as it is not
straight forward to measure spin correlations directly.
Many ways have been proposed to detect the spin en-
tanglement ranging from violating a Bell inequality,17–19
noise properties in a beam-splitter setup20–25 or con-
verting the electron-spin pairs to photons.26–30 Recently,
Deacon et al.31 realized a Josephson junction containing
a double quantum dot (DQD) embedded in the junction.
The critical current of the junction was investigated and
signs of nonlocal pair transport coherently involving both
QDs were conjectured by showing that the results are in-
compatible with two uncorrelated transport channels of
supercurrent separately via each QD.
Here, we analyze in detail the setup of Ref. 31 using
both analytical and numerical tools. We thereby go be-
yond existing theoretical work on the proposed setup32,33
by taking into account all of the filling factors of the
QDs up to two levels per QD. We also relax the assump-
tion of a large superconducting gap compared to the QD
level energies εi and the charging energy Ui of the QDs
i = 1, 2. The signatures of nonlocal pair transport we in-
vestigate do not rely on the Aharanov–Bohm effect33–35
or on SQUIDs.32,33
We first introduce the model Hamiltonian in Sec. II and
a special limit, the zero-bandwidth approximation, where
the superconducting leads are represented by a single site
with pairing interaction. We then calculate the critical
current in the ground state of the junction numerically
by exact diagonalization and compare it to a fourth-order
perturbation theory in the tunneling from the DQD to
the superconducting leads, both in the zero-bandwidth
limit and in the wide-band limit. In the perturbation
theory, the different tunneling paths, local and nonlo-
cal contributions, become explicit. The ground state in
the (1, 1)-charging sector of the DQD (Figs. 1 and 3)
changes as a function of the level energies on the QDs
and/or charging energy from nonlocal singlet to nonlo-
cal triplet. The triplet ground state is stabilized in the
regime εi/|∆ν | > 1 by cotunneling processes, which are
independent of the superconducting phase difference and
therefore are not of the Andreev reflection type. We show
that the so-far undiscovered triplet phase also crucially
depends on the parity of the tunneling matrix elements
(Figs. 1 and 3). Going beyond the zero-bandwidth ap-
proximation by considering superconducting leads in the
wide-band limit, we show perturbatively in the tunnel-
ing, that the triplet phase also exists in this case if the
charging energies Ui of the QDs are finite. This extends
the model considered in Refs. 32 and 33, where only sin-
glet phases in the ground state are predicted, to the case
of finite Ui hosting both singlet and triplet ground states.
We further study a multilevel model numerically in
which one of the QDs has an additional single-particle
level, and show that this configuration gives a quali-
tatively good description of the experimental results of
Ref. 31, assuming different parities for the tunneling ma-
trix elements for the two levels on one QD.
Finally, we present the analytical case of large super-
conducting gaps, where we can integrate out the super-
conducting leads obtaining an effective model for the
DQD system only. This parameter regime corresponds
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2FIG. 1. (Color online) Double-quantum-dot Josephson junc-
tion. (a) The Josephson current is carried by Cooper pairs
which tunnel coherently between two superconducting leads
with superconducting phases ϕL and ϕR. Microscopically,
this involves four single-particle tunneling events with ampli-
tudes tνi. Local transport (both electrons of a Cooper pair
tunnel through a single quantum dot) can be distinguished
from nonlocal transport (the two electrons of a Cooper pair
tunnel through different quantum dots). (b) The symme-
try of the orbital wave functions on the quantum dots is
captured in the total tunnel parity P = sgn(tL1tL2tR1tR2),
or, equivalently, in ±tR2, and has distinctive signatures in
the critical current. (c) Critical current across the junction
at zero temperature as a function of the quantum-dot level
energies ε1,2 obtained in the zero-bandwidth approximation
(Sec. II A). The upper-left half of the plot shows the criti-
cal current at even tunnel parity and the lower-right half at
odd tunnel parity. The critical current becomes large close
to ground-state transitions where the charge of the quantum
dots (N1, N2) fluctuates. At even tunnel parity a transition
between a nonlocal singlet (S) and a triplet (T) ground state
in the (1, 1) sector emerges. The parameters are |t| = 0.5∆
and the Coulomb repulsion U = 10∆, where ∆ is the magni-
tude of the superconducting gap in the leads.
to the limit where the nonlocal processes can be max-
imized by having, in addition, a charging energy much
larger than the induced superconducting gap. Here, as
expected, we obtain only a singlet ground state in the
(1, 1) sector.
II. MODEL
We consider the geometry depicted in Fig. 1(a). Two
QDs i = 1, 2 are tunnel coupled in parallel to two s-wave
superconductors ν = L,R at x = 0 with amplitudes tνi,
which are chosen real in the absence of a magnetic field.
Each QD contains only a single spin-degenerate level,
σ =↑, ↓, with energy εi and with the local Coulomb re-
pulsion Ui, which is relevant for transport. There is no
direct cross-talk between the QDs or between the super-
conductors. The Hamiltonian is
H = H1 +H2 +HL +HR +HT (1)
with the QD contributions
Hi =
∑
σ
εid
†
iσdiσ + Uid
†
i↑d
†
i↓di↓di↑, (2)
the superconducting lead contributions
Hν =
∑
kσ
εkνc
†
kνσckνσ+
∑
k
∆e−iϕν c†kν↑c
†
−kν↓+H.c., (3)
and their tunnel coupling
HT =
∑
iσν
tνid
†
iσψνσ(0) + H.c.
=
∑
ikσν
tνid
†
iσcνkσ + H.c., (4)
where the diσ operators annihilate electrons localized on
the QDs and where the ckνσ and the ψνσ(x) operators
annihilate spin-σ electrons in lead ν with momentum k or
at position x, respectively. The normal-state dispersion
in the leads is εkν . We assume the two superconducting
leads to be of the same material with the same super-
conducting energy gap ∆. Their superconducting phases
ϕν are not equal if a finite supercurrent flows across the
DQD structure but only the difference between the super-
conducting phases, ∆ϕ = ϕL − ϕR, is a gauge-invariant
quantity, which enters the physical observables, and is
conveniently absorbed into the tunnel couplings to the
right lead, whereas the couplings to the left lead are
strictly real. Furthermore, the behavior of the Hamil-
tonian, Eq. (1), depends drastically on the sign of the
tunnel couplings. This sign is determined by the overlap
between the wavefunctions in the respective supercon-
ducting lead and on the QD. Having assumed that the
leads are s-wave superconductors, the sign depends on
the orbital parity of the QD levels, i.e., for an even orbital
both the left and right tunnel coupling have the same
sign, while they have opposite signs for an odd orbital
[Fig. 1(b)]. We can recast all the possible sign combi-
nations into two possibilities by defining the total tunnel
parity,36 P = sgn(tL1tL2tR1tR2), which may be gauged
arbitrarily into one of the tunnel couplings. Accounting
for both of the effects, we replace tR1 → tR1ei∆ϕ/2 and
tR2 → PtR2ei∆ϕ/2, where all tνi > 0.
We will discuss the case in which both QDs are in
the single-level and Coulomb-blockade regime where the
level broadening due to the tunnel couplings to the
leads, Γνi = 2piN(εF )|tνi|2 with N(εF ) the normal-state
density of states at the Fermi level, is much smaller
than the level spacing and than the Coulomb repulsion,
Γνi  δεi, Ui. Then the QDs have a well-defined charge
(N1, N2) except close to transport resonances [Fig. 1(c)].
In the presence of interactions, there are sev-
eral approaches that have been used to study trans-
port through a DQD Josephson junction, including
mean field,37 slave-boson mean field,38,39 renormalization
group methods,40,41 real-time diagrammatic expansion,42
quantum Monte Carlo,43 and finite order perturbation
3theory.44 Here we combine a zero-bandwidth approxi-
mation and conventional perturbation theory to obtain
both reliable results and physical insight. We restrict
this analysis to the critical Josephson current Ic at low
temperatures T by setting T = 0. Even though this is
a macroscopic and thus directly accessible quantity, we
will see that it contains various clear signatures of non-
local Cooper-pair transport, some of which have already
been observed.31 Having obtained the ground-state en-
ergy E0(∆ϕ) of H either by perturbation theory or by
exact diagonalization, the critical current is immediately
given as the maximum supercurrent
Ic =
2e
~
max
∆ϕ
∂E0(∆ϕ)
∂∆ϕ
(5)
supported by the ground state of the system.
A. Zero-bandwidth approximation
We follow Ref. 45 and integrate out the superconduct-
ing leads, yielding the effective lead Hamiltonian
Hzbwν = ∆bc
†
ν↑c
†
ν↓ + H.c. (6)
and renormalized tunnel parameters tνi → t˜bνi. Thus, the
Josephson junction is represented by a four-site super-
conducting molecule, which can be exactly diagonalized.
Former studies using the zero-bandwidth approach in in-
teracting Josephson junctions have proven to show qual-
itatively good agreement with mean-field calculations.
This approach retains the essential features of the com-
petition between pairing correlations and Kondo corre-
lations occurring in the single-QD case.46,47 The renor-
malized parameters ∆b, t
b
νi may be obtained from self-
consistent calculations.45 We compare the results coming
from the zero-bandwidth lead Hamiltonian, Eq. (6), with
the fourth-order perturbation-theory calculations using
the original Hamiltonian, Eq. (3), and find very good
agreement already using the bare couplings, ∆b = ∆ and
tbµi, in the regime where tνi . |∆|, up to a global prefac-
tor, which is proportional to the energy density of states
of the normal-state leads.
B. Perturbation theory and microscopic behavior
The numerical treatment by exact diagonalization has
to be accompanied by a perturbative treatment to iden-
tify the physical processes giving rise to the critical cur-
rent, in particular, to understand which features are at-
tributable to nonlocal Cooper-pair transport. Further-
more perturbation theory is not restricted to the zero-
bandwidth approximation. We calculate the corrections
to the ground-state energy of the isolated QDs due to
their coupling to the superconducting leads in fourth or-
der of tiν , which is the leading order of Cooper-pair trans-
fer between the leads. To handle the large amount of
processes available in fourth order we develop a diagram-
matic scheme, the details of which are given in App. A.
In the unperturbed ground state, there are no exci-
tations in the leads and the QDs have a well-defined
charging state (N1, N2), where Ni is the number of elec-
trons on QD i. Each charging state is spin degener-
ate and can be realized by different quantum states,
|α, β〉 := |α〉QD1 |β〉QD2, all of which are completely de-
coupled because the model conserves the z projection of
the total spin, Sz. The only exception are the states in
the (1, 1) sector with Sz = 0, where degenerate pertur-
bation theory in the space spanned by the states |↑, ↓〉
and |↓, ↑〉 is required. Since the total spin is conserved,
the degenerate subspace is diagonal in the basis of the
nonlocal singlet and the nonlocal triplet,
|S〉 = 1√
2
(
| ↑, ↓〉 − | ↓, ↑〉
)
(7)
|T 〉 = 1√
2
(
| ↑, ↓〉+ | ↓, ↑〉
)
. (8)
Spin-exchange processes, i.e., processes which swap the
spins of the QDs, split the singlet and the triplet. Note
that the spin triplets with Sz = ±1 behave equivalently
to |T 〉 by spin-rotation invariance.
The terms in the perturbative expansion are local or
nonlocal, where local processes involve only one of the
QDs whereas nonlocal processes involve both QDs. Fur-
thermore, we call all processes Josephson processes, in
which entire Cooper pairs are removed from or added
to the superconducting leads due to two single-particle
tunnel events. In processes which are not Josephson pro-
cesses as many carriers are added to each lead as are
removed, so we call them cotunneling processes.48
Summarizing all of the processes, we can write down
the general form of the correction of the ground-state
energy in perturbation theory,
δE0(∆ϕ) = E
loc
CT,1 + E
loc
CT,2 + E
loc
J,1(∆ϕ) + E
loc
J,2(∆ϕ)
+ EnlCT,sc + E
nl
J,sc(∆ϕ)±
[
EnlCT,se + E
nl
J,se(∆ϕ)
]
, (9)
where the superscript denotes whether the correction is
due to local (loc) or nonlocal (nl) processes and the sub-
scripts denote whether the correction comes from a co-
tunneling (CT) or from a Josephson (J) process. For local
processes, the second subscript denotes the QD which is
involved in the process whereas for nonlocal processes,
the second subscript denotes whether the process is a
spin-exchanging (se) or spin-conserving (sc) process. The
spin-exchange contributions are nonzero only in the (1, 1)
sector. In the (1, 1) sector, Eq. (9) is thus the energy
correction of the nonlocal triplet (upper sign) and the
nonlocal singlet (lower sign).
In the charge sectors with a unique ground state, the
critical current is given directly by the amplitude of
the phase-dependent corrections of the ground-state en-
ergy, which, in perturbation theory, are proportional to
cos(∆ϕ). The amplitude is commonly referred to as
4FIG. 2. Phase dependence of the energy corrections δEn of
the two lowest-lying states in the (1, 1)-charge sector and the
resulting supercurrent I in the ground state evaluated in the
zero-bandwidth approximation. (a) Point A in Fig. 3. The
critical current Ic is carried by the singlet ground state (S)
at ∆ϕ = ±pi/2. (b) Point B in Fig. 3. The critical current
is carried by the triplet ground state (T) at ∆ϕ 6= ±pi/2. (c)
Point C in Fig. 3. At odd total tunnel parity, P = −1, the
ground state is a singlet at all ∆ϕ and the critical current has
the conventional sinusoidal dependence on ∆ϕ. The junction
is in the pi phase.
the (phase-independent) Josephson energy EJ and the
critical current is proportional to the Josephson energy,
Ic ∝ EJ . Since EJ decomposes into local and nonlocal
contributions, so does Ic. The critical phase is always at
∆ϕ = ±pi/2, where ∂∆ϕ cos(∆ϕ) is maximized.
In the (1, 1)-charge sector, the situation is more com-
plicated. Both the energy of the singlet state and the
energy of the triplet state, cf. Eq. (9), depend on the
phase difference such that they may cross for suitable
parameters and hence the ground state changes between
singlet and triplet as a function of the phase difference
∆ϕ. Three possible situations are shown in Fig. 2. If
there is a singlet–triplet ground-state transition as a func-
tion of the phase difference, the cosinelike energy–phase
relation of the ground state δE0(∆ϕ) becomes a piece-
wise function of the phase difference with two different
amplitudes and with two different constant energy off-
sets for the singlet state and the triplet state, cf. right
panels of Figs. 2(a) and (b). When the critical current
is probed, the junction adjusts to the phase difference
which maximizes the supercurrent. This is not necessar-
ily at the conventional value ∆ϕ = ±pi/2. At ∆ϕ = ±pi/2
there might be a singlet (triplet) ground state with a low
amplitude EJ(∆ϕ) which cannot carry as high a super-
current as the triplet (singlet) ground state at a different
phase difference ∆ϕ′ 6= ±pi/2 but with a larger amplitude
EJ(∆ϕ
′) such that |EJ(±pi/2)| < |EJ(∆ϕ′) sin(∆ϕ′)|
[Fig. 2(b)].49 Then the junction will switch to the triplet
(singlet) ground state and the critical phase locks to ∆ϕ′.
III. RESULTS
A. Singlet–triplet ground-state transition
In Fig. 3, we present the results for the critical current
of the DQD Josephson junction. In Fig. 3(a), we plot the
critical current and the total spin of the QD system in the
ground state carrying the critical current depending on
U = U1 = U2 and on ε1 at fixed ε2 = −1.5∆ in the zero-
bandwidth limit. When the tunnel parity is even, P = 1,
(left panels) the total spin in the (1, 1) sector changes
from a singlet to a triplet in a regime of finite charg-
ing energy U . This is true both in the zero-bandwidth
limit (solid and dash-dotted phase boundaries) and in the
wide-band limit (dashed phase boundary) with no qual-
itative differences. In the wide-band limit, the normal-
state density of states in the superconducting leads is
constant at all relevant QD energies. Then it affects the
critical current only as a constant prefactor, which we
choose to fit the zero-bandwidth results. With the tunnel
couplings |tνi| = 0.5∆, as chosen in Fig. 3, and a super-
conducting gap on the order of ∆ = 0.1 meV, we obtain
a critical current of a few nanoampere at the resonances.
This agrees with the experimental data of Ref. 31, where
aluminum electrodes were used.3150
In the wide-band limit at very large Coulomb repul-
sion, Ui → ∞, the parameter space is confined to what
is the upper right corner of the (1, 1) sector in Fig. 1(c)
and the triplet ground state cannot be observed, consis-
tent with earlier studies.32 Numerically, we confirm that
the triplet ground state can emerge if either the Coulomb
repulsion or the bandwidth are not significantly larger
than all other energy scales, which makes it rather the
rule than the exception.
Intuitively, one could expect a singlet ground state in
the (1, 1)-charge sector, which could be justified by noting
that only the nonlocal singlet can tunnel into the leads
to hybridize with the Cooper pairs in the s-wave super-
conductors and lower its energy. However, in addition to
this second-order Cooper-pair tunneling process, there
are genuine fourth-order terms with additional interme-
diate single-particle excitations in the superconducting
leads. They cannot be decomposed into two Cooper-pair
tunnel events and may favor the triplet ground state.
The splitting of the nonlocal singlet and the nonlocal
triplet is given by EnlCT,se + E
nl
J,se(∆ϕ). Since the super-
conductors are identical, the energy corrections can be
split into a matrix element Mnl/locCT/J,se/sc and the tunnel
couplings to the leads. Since we associate the parity P
and the phase difference ∆ϕ to the tunnel couplings tνi,
5FIG. 3. (Color online) (a) Critical current and total spin of the Josephson junction depending on the on-site energy ε1 on
quantum dot 1 and on the Coulomb repulsion U = U1 = U2. Quantum dot 2 is kept at ε2 = −1.5∆ and the tunnel couplings
are |tνi| = 0.5∆. Following the white dotted line from left to right, the quantum-dot occupation varies (2, 1)→ (1, 1)→ (0, 1).
The critical current increases at each transition because the particle number fluctuates. Left: at even total tunnel parity,
P = 1, an additional ground-state transition between a nonlocal singlet and a nonlocal triplet occurs in the (1, 1) sector. It
is caused by competing cotunneling processes between the quantum dots via the superconducting leads which give rise to an
exchange interaction (text). The red lines indicate the phase boundary obtained in perturbation theory in the zero-bandwidth
approximation (dash dotted) and in the wide-band limit (dashed). Right: at odd total tunnel parity, P = −1, the singlet–triplet
transition is absent. (b) Cuts across the ε1–U plane at U = 7.5∆ reveal that the shape of the current peaks depends strongly
on the tunnel parity. This can be traced back to the singlet–triplet transition (text), which also immediately manifests as a
kink in the critical current. Since singlet and triplet can be distinguished only by nonlocal transport, this kink is immediate
evidence of coherently split Cooper pairs. There is no qualitative difference between the zero-bandwidth approximation (exact:
solid black, perturbative: dash-dotted red) and the wide-band limit (dashed red). In the wide-band limit, the critical current
scales with the density of states, which is chosen to agree with the result in zero-bandwidth approximation.
the matrix element is then independent of either. Each
nonlocal process contributing to EnlJ,se(∆ϕ) can involve
the same superconducting lead twice or both leads once.
Summing all combinations we obtain
EnlJ,se(∆ϕ) =MnlJ,se
×
[
(tR1tR2)
2 + (tL1tL2)
2
+ 2PtR1tR2tL1tL2 cos(∆ϕ)
]
, (10)
where we find MnlJ,se > 0, such that EnlJ,se is strictly pos-
itive and favors the singlet ground state. The details
of the calculation of the matrix elements are given in
App. A.
With the same arguments, we find
EnlCT,se =MnlCT,se
×
[
(tR1tR2)
2 + (tL1tL2)
2 + 2PtR1tR2tL1tL2
]
=MnlCT,se(tR1tR2 + PtL1tL2)2, (11)
so the sign of EnlCT,se is determined solely by MnlCT,se.
This time, however, the perturbative analysis of MnlCT,se
reveals that processes of both signs exist. Processes in
which the electrons are exchanged via electronlike exci-
tations in the leads [Fig. 4(a)] have a different number of
fermion-exchange signs than processes in which the elec-
trons are exchanged via an electronlike and a holelike
excitation [Fig. 4(b)]. Processes involving only electron-
like excitations lower the singlet while process involving
an electronlike and a holelike excitation lower the triplet.
All spin-exchange processes are listed in App. A.
For the existence of a triplet ground state the Joseph-
son processes play a minor role as they are suppressed
if ∆ϕ is chosen such that P cos ∆ϕ = −1. The nonlo-
cal triplet is thus driven by the sign of EnlCT,se, which is
ultimately determined by the microscopic parameters.
The influence of ∆ on the parameter space in which
there may be a triplet ground state can be estimated.
The matrix element of each process in the perturbative
expansion is weighted by the product of the reciprocal
virtual excitation energies (cf. App. A). In electronlike
6FIG. 4. Two spin-exchange processes which have a different
overall sign and hence energetically favor (a) singlet states
and (b) triplet states. Initially, one of two electrons (filled
circles) with opposite spin resides on each quantum dot (left
and right narrow tray). A final state with the spins swapped
can be reached via intermediate virtual states (arranged top
to bottom) connected by four tunnel processes (dashed ar-
rows) between the quantum dots and the superconducting
leads (wide tray). Every time the left-to-right order of two
fermions is changed, a sign results. (a) If only electronlike
states in the leads are involved, the two initial electrons have
to be swapped. This kind of process with a negative sign en-
ergetically favors the singlet state. (b) If the exchange process
involves a hole (empty circle), it is possible to exchange the
spins without anticommutation signs. This type of process
energetically favors the triplet state.
processes, which favor the singlet ground state, all vir-
tual states involve excitations on the QDs. They can be
estimated by
1
(εDQD + ∆)2
1
2εDQD + 2∆
, (12)
where εDQD is a typical DQD-excitation energy. By us-
ing electronlike and holelike excitations, however, it is
possible to restore the initial DQD state at the expense
of two virtual excitations in the leads. These processes,
which favor the triplet ground state, are hence weighted
by
1
(εDQD + ∆)2
1
2∆
. (13)
If ∆ is comparable or smaller than εDQD, the ratio
between triplet-favoring and singlet-favoring processes,
1 + εDQD/∆, becomes large and a triplet ground state
may emerge.
In general, second-order Cooper-pair tunneling re-
stores the ground state of the superconducting leads in
one intermediate virtual state, whereas the leads are ex-
cited in all three intermediate states of genuine fourth-
order processes. So, genuine fourth-order processes have
an additional suppression by ∆−1 compared to second-
order Cooper-pair processes.51 If the superconducting
gap is very large compared to the other energy scales, the
singlet character induced by the superconducting leads
dominates and we recover the intuitive singlet ground
state. We investigate this limit in more detail in Sec. V.
FIG. 5. Typical Josephson transport processes via three in-
termediate virtual states (gray) in the (1, 1)-charge sector.
(a) In the singlet ground state, there are transport channels
in which the two electrons initially localized on the DQD are
absorbed as a Cooper pair in one lead. (b) In the triplet
ground state (all triplets are equivalent by spin-rotation in-
variance and time-reversal symmetry), the electrons of the
Cooper pair need to be transferred sequentially through the
double quantum dot.
The triplet ground state is absent in the regime of
odd total tunnel parity, P = −1, [Fig. 3(a), right panel].
This is because different cotunneling processes interfere
destructively, which reduces the magnetic exchange cou-
pling. At negative tunnel parity, P = −1, the parity-
dependent factor in Eq. (11) is reduced and even vanishes
in a symmetric setup, tLi = tRi. Without the exchange
coupling, the nonlocal Josephson processes will always fa-
vor the singlet over the triplet, cf. Eq. (10) and Fig. 2(c).
B. Peak asymmetry and signature of nonlocal
transport
Fig. 3(b) shows the critical current as a function of ε1
for a fixed on-site repulsion U = 7.5∆ in the P = ±1
regimes. Red lines are the results from perturbation the-
ory in the zero-bandwidth limit (dash dotted) and in the
wide-band limit (dashed), both of which agree with the
exact results of the zero-bandwidth model (black solid).
In general, the critical current is high at the charge neu-
trality points where the number of electrons on the QDs
can fluctuate.
Both the singlet ground state and the triplet ground
state can support a finite supercurrent. In the singlet
phase, the supercurrent tends to be higher because there
is an additional transport channel where the two elec-
trons of a Cooper pair are simultaneously added to or
removed from the DQD. In the triplet ground state, this
channel is blocked by the Pauli exclusion principle. At
the resonance near ε1 = 0 in Fig. 3(b), the QD charging
states (1, 1), (1, 0), (0, 1), and (0, 0) are almost degener-
ate so this type of transport is particularly strong and
in the singlet ground state the supercurrent is primarily
carried by the process shown in Fig. 5(a). By inspecting
7all possible combinations, it is easy to see that there is no
fourth-order transport process in the triplet ground state
involving the (0, 0)-charging state.52 At the other reso-
nance, however, ε1 ≈ −U1, a Josephson process involving
the almost-degenerate QD states (1, 1), (1, 0), (2, 1), and
(2, 0) does exist in the triplet ground state [Fig. 5(b)].
So with increasing ε1 in Fig. 3(b), the singlet ground
state has resonances both at the (2, 1)–(1, 1) transition
and at the (1, 1)–(0, 1) transition but the triplet ground
state has only one resonance at the (2, 1)–(1, 1) transi-
tion. Hence, at even parity, with increasing ε1 the crit-
ical current decreases in the (1, 1) sector as long as the
system is still in the triplet ground state. Only once the
ground state switches to a singlet, which happens close
to the (1, 1)–(0, 1) transition [cf. Fig. 3(a)], the critical
current rises again, producing a notable asymmetry be-
tween the resonance peaks. At odd parity, there is no
asymmetry because the ground state remains a singlet
throughout the entire (1, 1) sector.
We emphasize that the singlet–triplet transition of the
ground state in the (1, 1) sector, realized in a large pa-
rameter window, leads to a kink in the critical current as
a function of ε2. This kink appears because, in the sin-
glet phase, different processes contribute to the critical
current than in the triplet phase and, hence, the depen-
dency on the on-site energies changes across the singlet–
triplet transition. Since the distinction between triplet
and singlet phases results from phase coherent and non-
local exchange, its observation in the critical current is a
clear sign of nonlocal Cooper-pair transport.
At odd tunnel parity, P = −1, there is no singlet–
triplet transition and hence no signature of nonlocal
transport in the critical current. The other way around,
if two neighboring resonance peaks belonging to the same
level of a QD decay symmetrically in the offresonant
regime between them, the level has odd parity. An asym-
metric decay may be caused by a singlet–triplet transi-
tion and indicates even parity.
IV. MULTILEVEL QUANTUM DOT
In order to make contact to the experiments presented
in Ref. 31, where multiple QD levels were probed, we in-
clude one extra level in the model, e.g., on QD 2. In this
way, we can study the evolution of the critical current
along four consecutive resonances by continuously tun-
ing ε2. This scenario requires the substitution of H2 in
Eq. (1) by
H2 = ε2d
†
21σd21σ + (ε2 + δ)d
†
22σd22σ
+
∑
(iσ)6=(jρ)
Uijn2iσn2jρ, (14)
where δ is the energy separation between the QD levels,
and Uij the Coulomb energy coming from the interac-
tion of the occupation of the levels i and j on the second
FIG. 6. (Color online) Critical current of the double-
quantum-dot junction with two different levels of opposite
parity on quantum dot 1. The parameters of the quantum
dots are δ = 18.5∆, tR1 = tL1 = 0.45∆, tR21 = −tL21 =
0.45∆, tR22 = tL22 = 0.57∆, U1 = 28∆, U11 = 12∆,
U22 = 3∆, and U12 = 0.5∆. Upper panel: critical current
as a function of the gate-controlled on-site energies ε1 and ε2.
Lower panel: cuts at (a) ε1 = −0.9∆, (b) ε1 = −1.8∆, and
(c) ε1 = −4.2∆. In the absence of nonlocal transport, the
three curves are expected to differ only by a constant. In-
stead, when approaching the resonance, ε1 → 0, the critical
current grows more strongly at the peaks and less strongly
between the peaks. Within our model this behavior is clearly
attributable to nonlocal coherent transport and it was already
observed experimentally.31
QD.53 Besides, we also need to include an additional tun-
nel coupling to Eq. (4). Computationally, the addition
of the extra level requires to extend the 256×256 Hamil-
tonian matrix to a 1024 × 1024 matrix, which remains
tractable. Taking into account that the levels are well
separated, we can still define the total tunnel parity close
to a resonance as within the single-level model involving
only the four relevant tunnel couplings.
Choosing the measurement presented in Fig. 4 of
Ref. 31 as a specific example, we observe that two neigh-
boring resonance peaks at lower gate voltages (higher on-
site energies) are clearly more symmetric than two neigh-
boring resonances at higher gate voltages (lower on-site
energies). Within our model this is expected if the two
lower peaks belong to one level with odd parity and the
two higher peaks belong to one level with even parity
(cf. Fig. 3). Note that concerning the occupation num-
bers this does not agree with Ref. 31, which seems to
suggest that, in total, three levels on QD 2 are involved.
8Nevertheless, the model is clearly capable of reproducing
the qualitative features observed in the experiment when
choosing the appropriate parameters.
In Fig. 6 we show the critical current as a function of
ε2 and ε1 (top panel) and in the lower panel we perform
three cuts at different values of ε1. Close to the resonance
(blue and green curves), the results are basically equiva-
lent to the results from the single-level model, once with
even parity, and once with odd parity. Here, we recover
the signature of nonlocal transport proposed in Ref. 31: if
there were only two independent transport channels, lo-
cal transport through QD 1 and local transport through
QD 2, the blue and the green curve would only differ
from each other by being shifted along the vertical axis.
This is because changing ε1 would only affect the contri-
bution of the critical current going through QD 1, which
is independent from ε2, i.e., it cannot influence the be-
havior of the critical current along the horizontal axis
in the lower panel of Fig. 6. Choosing, however, an ar-
bitrary reference point as indicated by the shaded ar-
eas, we can clearly see that there is cross-talk between
ε1 and ε2. When QD 1 is brought closer to resonance,
the resonance peaks of QD 2 grow, indicating an addi-
tional transport channel involving both QD 1 and QD 2.
Moreover, there are interference effects which reduce the
critical current between the two levels on QD 2, when
QD 1 is brought closer to resonance. More strikingly, for
values of −ε1 > t, U , we observe that the resonance at
ε2 ≈ −18∆, increases when effectively decoupling QD 1
(yellow curve). Now, the Cooper pairs tunnel locally
through QD 2 but through two different levels. Note
that this feature cannot occur in the simpler model with
only two single-level QDs. Summing up, our model re-
produces the signatures of nonlocal transport observed
in Ref. 31 even though, as we have argued in Sec. II B,
the actual decomposition of the Josephson energy is more
complicated than stated in their work.
V. REGIME OF DOMINANT NONLOCAL
TRANSPORT
Finally, we comment shortly on the regime in which
nonlocal transport is dominant, similar to the Cooper-
pair-splitter regime of superconductor–normal junctions
proposed in Ref. 1. In this regime, the superconduct-
ing gap is significantly larger than the on-site energies
and than the tunnel couplings, ∆ν  εj , tµj and exci-
tations in the superconducting leads are highly unfavor-
able. This suppresses both the cotunneling contributions
which allow for a triplet ground state and the sequential
Josephson processes which enable a supercurrent to flow
in the triplet ground state. As a consequence, there is
never a triplet ground state in the limit of large ∆ν .
When the QDs are brought close to the (0, 0)–(1, 1)
point or to the (1, 1)–(2, 2) point in the stability diagram,
the only remaining transport channel is nonlocal, i.e., the
Cooper pairs have to be split: simultaneous transport of
FIG. 7. (Color online) Critical current in the limit of large
∆ν , where U1 = U2 ≡ U , ∆˜L = 0.05U , ∆˜NL = 0.025U , and
t˜ = 0.01U . The plot for even and the plot for odd parity are
separated by a dashed line. Electrons can leave or enter the
superconducting leads only in pairs, so sequential transport is
not possible and the single-particle resonances at the ground-
state transitions are suppressed. In turn, if the Coulomb re-
pulsion is large, two-particle resonances in the ground state
are possible only at four points, where εi = 0 or εi = −Ui is
fulfilled simultaneously for both quantum dots i = 1, 2. At
these points, nonlocal transport dominates. Parity has only
quantitative influence. In particular, the singlet ground state
is stable.
a pair through a single QD is suppressed by the Coulomb
repulsion Ui and sequential transport of single electrons
originating from the same Cooper pair through the QDs
is suppressed by the superconducting gap ∆ν . In this sit-
uation, the model can be simplified further by completely
integrating out the superconducting leads30,54 to leading
order in tνi/∆ν . Assuming that |εi|, Ui, tνi  ∆ν and
absorbing a renormalization of the on-site energies into
εi, we obtain
Heff =
∑
iσ
εid
†
iσdiσ +
∑
i
Uid
†
i↑d
†
i↓di↑di↓
+
∑
ijσν
∆˜ijPνe−iϕνσd†iσd†jσ¯ + H.c.
+
∑
ijσν
t˜Pνd†iσdjσ, (15)
where ∆˜ij is the effective amplitude to inject a local (i =
j) or a nonlocal (i 6= j) Cooper pair and t˜ describes
cotunneling. The parity enters via Pν = 1 if ν = L
and Pν = P if ν = R. Because there are no sequential
Cooper-pair transport processes as shown in Fig. 5(b),
the triplet sector cannot support any supercurrent and
decouples completely. We obtain the critical current in
the limit of large ∆ν by exact diagonalization of Eq. (15)
(Fig. 7).
At a first glance, the behavior of the critical current
9looks deceptively similar to the results discussed before
with resonancelike features along the ground-state tran-
sitions. But sequential transport is not possible without
intermediate excitations in the superconducting leads. So
in the (1, 1) ground state, transport is possible only in res-
onance with the (0, 0) state, which requires ε1 + ε2 = 0,
and in resonance with the (2, 2) state, which requires
ε1 + ε2 = 2(ε1 + ε2) + U1 + U2. The ground state, how-
ever, is (1, 1) only if εi < 0 and εi < 2εi +Ui. This rules
out all configurations except ε1 = ε2 = 0 and εi = −Ui.
Two more nonlocal resonances are found similarly in the
sector of odd total occupation when ε1,2 = 0 and simul-
taneously ε2,1 = −U2,1.
Local transport, on the other hand, is resonant if the
(N1, 0) state is in resonance with the (N1, 2) state or if
the (0, N2) state is resonant with the (2, N2) state. In any
case, 0 = 2εi + Ui is required. But because Ui > 0, this
condition is incompatible with any ground state in which
QD i is either empty or doubly occupied. Hence there is
only nonlocal supercurrent carried by the ground state.
Note that the argument is valid only if the resonances are
sharp compared to the level spacing, i.e., if the Coulomb
repulsion Ui is sufficiently large.
This gives a relatively straight-forward signature of
nonlocal transport: localized resonances in the ε1–ε2
plane indicate nonlocal transport. If, on the other hand,
only extended steplike features are visible, they are most
likely attributable to ground-state transitions and there
is no nonlocal Cooper-pair transport.
VI. CONCLUSION
In this work, we have considered the setup of a double-
quantum-dot Josephson junction. We have used exact
diagonalization and perturbation theory in the tunnel-
ing from the quantum dots to the superconducting leads
in order to calculate the critical current of the junction.
We included all possible occupations of the quantum-dot
levels for various values of the quantum-dot level ener-
gies including finite on-site Coulomb repulsion. Depend-
ing on the parity of the quantum-dot levels, we discov-
ered a nonlocal (one electron per quantum dot) singlet–
triplet ground-state transition (at total even parity) as
a function of the quantum-dot level energies for a large
parameter window when the superconducting gaps are
smaller than or comparable to the quantum-dot energy
scale. This transition becomes visible as a kink in the
critical current with an associated asymmetric line shape
between resonances, which could serve as a new sign of
coherent Cooper-pair splitting. We consistently find this
physics in zero-bandwidth approximation, where each su-
perconducting lead is modeled as a single site with pair-
ing interaction, as well as in the wide-band limit of con-
tinuous open leads. Regarding recent experiments31 on
this setup, we included an additional level with oppo-
site parity on one of the quantum dots. We observed
critical current traces by varying the gate voltage of the
quantum dot with two levels for different but fixed level
energies of the other quantum dot that are consistent
with the experiment: the different traces are not just
shifted by a constant offset but show enhanced relative
current profiles near resonances, which, in our model,
is directly related to coherent Cooper-pair transport via
different quantum dots as was conjectured in Ref. 31.
In addition, we observe asymmetric line shapes between
a pair of subsequent resonances due to nonlocal singlet–
triplet ground-state transitions associated with quantum-
dot levels showing even total parity. Such asymmetries
are also visible in the experiment. Finally, we analyze
the model in the limit of large superconducting gaps,
where we can integrate out the superconductors thereby
creating a proximity effect in the quantum dots. The
resulting effective model for the quantum dots can be
solved exactly and we find that all current resonances
are dominated by nonlocal processes in this limit.
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Appendix A: Diagrammatic perturbation theory
The correction of the ground-state energy can be ob-
tained conveniently using the Schrieffer–Wolff transfor-
mation, which decouples the low-energy degrees of free-
dom, i.e., in our case the (possibly degenerate) ground
state m, from the high-energy degrees of freedom, i.e.,
all excited states l, up to fourth order in the tunneling
between the QDs and the superconducting leads. Follow-
ing Ref. 55, the fourth-order contribution to the resulting
low-energy Hamiltonian matrix is
H
(4)
mm′ = −
1
2
∑
l,l′,m′′
HmlHlm′′Hm′′l′Hl′m′
( 1
(Em − El)2(Em − El′) +
1
(Em − El)(Em − El′)2
)
+
∑
l,l′,l′′
HmlHll′Hl′l′′Hl′′m′
1
Em − El
1
Em − El′
1
Em − El′′ , (A1)
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where Eη is the energy of the unperturbed state η andHij
is the matrix element for transitions between states i and
j. If the unperturbed ground state is unique, H(4) is one
dimensional and equivalent to the ground state energy
correction δE0. In the degenerate (1, 1)-charge sector
with Sz = 0, H
(4) is two dimensional. For the calculation
of the matrix elements it is convenient to choose as basis
| ↑, ↓〉 and | ↓, ↑〉, such that the absolute value of the off-
diagonal terms H
(4)
12 = H
(4)∗
21 is half of the singlet–triplet
splitting EnlCT,se + E
nl
J,se(∆ϕ).
To organize all processes, we represent them by dia-
grams. We take the point of view of the DQD system.
From this point of view, the DQD emits electrons to the
leads or absorbs electrons from the leads. Due to the ex-
citation gap of the superconductors, tunneling proceeds
in pairs: the DQD can emit an electron into a supercon-
ductor which is later reabsorbed, absorb an electron from
the Fermi sea and subsequently fill the hole which was
created, emit two electrons which form a Cooper pair, or
absorb two electrons by destroying a Cooper pair. At this
point it does not matter which one of the leads enables
the process as later on all possibilities are summed over.
To keep track of which QD is affected by one tunneling
event, we represent each QD by one horizontal line. Each
tunnel event involving the QD is a vertex on this line. A
line connecting two vertices indicates, which two tunnel
events are connected by one of the processes mentioned
above. We name it a lead line. Two example diagrams
are shown in Fig. 8. The process on the DQD is the
same but it is mediated by two different lead processes;
in Fig. 8(a) the process is mediated by Josephson pro-
cesses whereas it is mediated by cotunneling in Fig. 8(b).
The direction of the arrows on the lead lines indicates the
flow of electrons onto or out of the QDs. So the lead lines
of Josephson processes have two arrows and cotunneling
processes have one arrow. The intermediate DQD occu-
pations are given by numbers or by small spin arrows.
Since all processes conserve the total charge of the
DQD, they are always a sequence of two creation and
two anihilation events both in the DQD and in the leads.
It can easily be checked that all possible sequences de-
compose into a part concerning the leads and a part con-
cerning the DQD without acquiring an overall fermion-
exchange sign. But within both of the subsystems, we
need to account for possible signs due to fermion ex-
change. To determine the sign of the QD subsystem,
the number of permutations is counted which would be
required to arrange all vertices of QD 1 to the left of
all vertices of QD 2. If the number is odd, a fermion-
exchange sign results.
If the spin of the electron on a QD is changed in a spin-
exchange process, another sign may occur. Changing the
spin of a QD can be done either by removing the electron
and filling the QD with an electron of opposite spin (in-
termediate occupation number 0) or by adding another
electron and removing the first electron afterwards (in-
termediate occupation number 2). In the second case,
an additional exchange of fermions is necessary when re-
FIG. 8. Example diagram of (a) a spin-exchange Josephson
and (b) a spin-exchange cotunneling process with the same
intermediate QD occupations (denoted by 0 and 2 electrons)
read from the left to the right. The upper two horizontal lines
represent the QDs and the lower horizontal line represents the
DQD as a whole. The spin arrows at the beginning and at
the end of the horizontal lines denote the initial state and
the final state of the DQD and the arrows on the lead lines
indicate the direction of the electrons flowing out of or into
the DQD.
moving the first electron, which we call spin flip via a
local singlet. Such a spin flip introduces a sign.
To determine the sign of the processes on the DQD,
we can thus summarize the following rules:
• Draw the diagram.
• Count the number of permutations which would be
required to arrange all vertices of QD 1 to the left
of all vertices of QD 2. If it is odd, add a sign.
• Count the spin flips via a local singlet (intermediate
occupation number 2). Each contributes a fermion-
exchange sign.
To determine the contributions due to the lead process,
we construct an auxiliary diagram by collapsing the two
lines of the QDs onto one. These auxiliary diagrams are
the third horizontal line in Figs. 8(a,b). Now each cross-
ing of lead lines corresponds to a commutation of lead
operators. Furthermore, each lead line represents a nor-
mal or an anomalous superconducting correlation func-
tion. If, e.g., a lead line connects two events in which,
read from the left to the right, first a spin-up electron is
removed from the superconductors and then a spin-down
electron is removed from the superconductors, the cor-
responding correlation function is 〈c↓c↑〉. All correlation
functions can be calculated using the standard Bogoli-
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FIG. 9. All diagrams contributing to (a) MnlJ,se and (b)–(d) MnlCT,se. (a) All Josephson processes have a negative overall sign
and lower the singlet. (b) Cotunneling processes which lower the singlet. The process of Fig. 4(a) is highlighted. (c) Higher
orders of second order cotunneling processes come with different signs but cannot lower the triplet since they are contained in
the limit of large ∆. (d) Cotunneling processes which lower the triplet. The process of Fig. 4(b) is highlighted.
ubov transform56,
〈c†↑c†↓〉 = 〈c↓c↑〉 = −〈c†↓c†↑〉 = −〈c↑c↓〉 =
∆
2
√
ε2 + ∆2
(A2a)
〈c†↑c↑〉 = 〈c†↓c↓〉 =
1
2
(
1− ε√
ε2 + ∆2
)
(A2b)
〈c↑c†↑〉 = 〈c↓c†↓〉 =
1
2
(
1 +
ε√
ε2 + ∆2
)
, (A2c)
where ε is the normal-state energy of the lead electron
measured from the Fermi level. With dispersionful leads
such as in the wide-band limit, ε depends on an internal
quantum number, e.g., εk, which is summed over. Note
that the order of the spins in the superconducting cor-
relation functions is important since the order in which
the electrons are put into the Cooper pair condensate
matters.
The lead part of the matrix element can thus be ob-
tained by following these rules:
• Collapse the two-line diagram to the auxiliary dia-
gram.
• Count the number of line crossings. Each crossing
contributes a fermion-exchange sign.
• Write down the lead correlations following
Eq. (A2). Take care of fermion-exchange signs that
might occur due to the spin-order of Cooper pairs.
Use ε for one lead line and ε′ for the other line.
Finally, we need to determine the energies of the vir-
tual states. The corresponding energies of the DQD can
be read off from the two-line diagram. The energies of the
three virtual states can be found by looking at the states
in the three spaces between the dashed lines in the two
line diagrams. Each lead line contributes an additional
energy
√
ε2 + ∆2 and
√
ε′2 + ∆2, for the two pairs of
tunneling events respectively.
By drawing all diagrams and inserting the correspond-
ing matrix elements and the energies into Eq. (A1), the
fourth-order corrections of the ground state energy can
be constructed explicitly. All of the diagrams of the spin-
exchange contributionsMnlCT/J,se are shown in Fig. 9. All
of them are nonlocal since the lead lines connect the two
QD lines. From the overall exchange signs given next
to the diagrams we see that all of the Josephson pro-
cesses [Fig. 9(a)] and some of the genuine fourth-order
cotunneling processes [Fig. 9(b)] lower the singlet ground
state. The processes which are second order in electron
cotunneling or Cooper pair tunneling correspond to dia-
grams which are reducible in the sense that they can be
cut into two parts vertically without cutting a lead line
[Fig. 9(c)]. They are the processes surviving the limit of
large ∆ (Sec. V) and hence they lower the singlet ground
state. The remaining cotunneling processes lower the
triplet ground state [Fig. 9(d)].
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